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PERCENTILEESTIMATIONUSING THENORMALANDLOGNORMAL
PROBABILITYDISTRIBUTION

by

ThomasR. Bement
LCJSWamus ScientificLaboratory

ABSTRACT

Implicitlyor explicitlyperc~ntileestimationis an
important aspect of the analysis of aerial radiometric
survey data. Standard deviationmaps are prod~lcedfor
quadrangleswhich are surveyed as part of the National
UraniumResourceEvaluation. Thesemaps show where varia-
bles differ from their mean values by more than one, two
or three standard deviations. Data may or may not be
log-transformedprior to analysis. Thesemaps have speci-
fic percentileinterpretationsonly when proper distribu-
tional assumptionsare met. Monte Carlo resultsare pre-
sentedin this paper which show the consequencesof esti-
mating percentilesby i) assumingnormalitywhen the data
are reallyfrom a lognormaldistribution,and ii) assuming
lognormalitywhen the data are really from a normal dis-
tribution.

INTRODUCTION

Many typesof investigationsin geologyand other disciplinesare related

to the problem of percentileestimation. The problem that motivated this

study is the interpretationof aerialradiometricdata being collectedby the

U.S. Departmentof Energy (DOE) as part of the National Uranium Resource

Evaluation(NURE)program. 5ince 1974 the Grand Junction,ColoradoOffice of

DOE, throughits contractors,has been conduct,~ng aerial surveysover various

portionsof the UnitedStates. The data collectedincludeobservationsin the

gamma-rayportionof the spectrumfrom whlctlthe contributionsOF pot.assim



(qOK), uranium(from 21%i) and thorium (from 20eTl) to total activity can be

determined. Implicitly or explicitly, percentile estimation has always been

an important feature of the treatment of this data.

A traditional method of displaying the results of an aerial survey is the

standard deviation map. An example using 214Bi is shown in Fig. 1 (Ref. 1).

Flight lines are plotted on a map which can be used to overlay a 1:250,000

National Topographic Map Service (NTPS) quadrangle. Data are typically

analyzed on a within geol~gic type basis. Observations(referred to as

records) which are one, two or three standard deviations above or below the

mean are indicated by one, two or three points plotted above or below the

flight line. In some cases a lognormal distribution is assumed and

log-transformed data is used to produce maps or portions of maps.

Under the resumption of normality (or lognormality) standard deviation

maps have obviou:; percentile interpretations. This is important because large

values of high percentiles may indicate a potentially favorable area. The

problem to be addressed h.ve ~s that of determining the effect of incorrect

distributional assumptions cm percen~ile estimation. Examination of the data

indicates that there are many more distributional possibilities than the nor-

mal and lognormal, but for th? purposes of this report it will be assumed that

they are the only alternatives. L’ particular, two problems will he con-

sidered. They are a) determining the consequences of assuming a lognormal

distribution when the distri~ution is really normal and b) determining the

consequence , of assuming a normal distribution when the distribution is really

lognormal, Since the most common practice in NUW data presentation is to

simply compute the mean and stand~rd deviation of the untransformed data

without doing any goodness-of-fst tests, the error associated with the second

problem is probably Lhe most common.



CCWARISON W TWOTYPESOF ERRORS

It can be shown that the difference

rect” percentile estimate, expressed as a

between a “correct” and an “incor-

percentage of the correct estimate,

depends on the first two moments of the distri~ution (either normal or logncr-

mal) only through the coefficient of variation. The cases to be considered

are those where the coefficient nf variation is between 0.143 (expected value

e~~?l td 7.0 ti~s the standard deviation) and 0.4 (expected value equal to

alike so that the

the coefficient of

[Iormal distribution

the data with which

2.5 times the standard deviation). For values of the coefficient of variation

below this region, the normal and lognormal are enough

differences ere nut of practical i!,terest. A value of

variation above this range implies that the corresponding

has a significant probability of negative values and since

we are dealing is strictly positive a normal should probably not be used.

We shall now consider the t=rror incurred in perceritile estimation by

assJming that data fmn a \truncateu) normal

mal. Consider a random sample of size n

estimator of ~ + Zau , the 100cI percentile,

100m percentile of the standard normal distribution, S is the square root of

the bias corrected mexhum likelihood estimator of CJ2 and an is a bias

correction factor for the standard deviation (F?e~. 2). The factor an

approaches 1.0 as n increases and since sample sizes are typically large

(usually greater than 50 and often greater than 10UO) it will be assumed to be

e~al to 1.0. Thus it is assumed that the “corrc!ct” estimator for the 100~

percentile is X + ZUS. If we m~.stakenly take the data to be from a lognormal

distribution the 100 percentile is estlm~ted by exp(~ + ZL,SY) where ~ and

Sy are the mean and standard deviation of the log-transformed date.

distribution are actually lognor-

from X ~ N(u ,02). An unbiased

is ~ + Za(aPS? where Za Is the



A Monte Carlo study was conducted to determine the magnitude of the dif-

ference between the two estimators. Ignoring any truncation and for fixed

sample size, this difference, expressed es a percentage of the correct esti-

mator

tion.

tific

sizes

depends on the percentile being estimated and ths coefficient of

Using Kinderman and Ramage’s (Ref. 3) generator on a Los Alamos

Laboratory

(see Table

required by this

CDC 7600 cc~uter, 900 samples for each of severai

varia-

Sclen-

sample

1) wee taken from a standard normal distribution. hiforms

procedure were supplied by e multiplicative congruential ran-

dom number generator. The urlderlying population mean of each sample was

transformed to provide each .“ the coefficients of variation listed in Table

1. The sample sizes listed are the number of observatlans after truncating

any zero or negative values.

Percentile estimates using uutn metnuas listed abuve were obtained for

each of the 900 samples. The means and standarddeviationsof each of these

estimates were computed over the 900 samples and the difference of the two

means was expressed as a percentage of the correct one. Percentage differ-

ences computedin this manner and based on a sample size of 2000 were used in

Fig. 2. Figure 2 shows the region where the error (i.e., the percentage dif-

ference between the average estimators) is greater than and less than 5 per-

cent. The estimated standard deviation OV the percentage difference values is

iess than 0.4 percent, This figure also shows the error lines associated with

treating a sample from a lognormal dlstrlbutlof~ as if it were normal.

Now, consider the errcr inCUrred in percentj,le estimation by LIswninq

that data from a lognormal distribution are normal.
‘et ‘1’ ‘2’ ● *., An

be J random sample of size n from e loanoml dlstrlbut!on having underlying

2normal parameters p and o . That is, it’ y = in X then Y ~JN(u,u2). Let

x~ dencte the true lUUU percentile of the distribution, Tk maximum



likelihoodestimatorof Xa is exp(~ + ZaSy) where ~ and Sy are the maximum

likelihoodestimatorsof ~ and Oz. In practice,within the settingof the

problem that motivated this investigation,Sy is usually taken to be the

square root of the bias correctedmaximum likelihoodestimateof u .
2

For

the following,it will be assumed that this is th~ case. Tf’we mistakenly

assume the data are from a normal distribution,Xa

ZaS where ~ and S are the samplemean and standard

samplesize).

A MonteCarlo st~dy was conductedto determine

will be estimatedby ~ +

deviation(assumea large

the

resultingfrom the incorrectassumnt~nnof normality.

and coefficientsof’variaclunwere cunsluereonere as

Nine hundrea samples

normal distribution.

of each of the listedsizes were

maqnitudeof the error

The same sample sizes

in tne previouscase.

taken from a standard

The underlyingpopulationmean and varianrewere trans-

formedso that the exponentialof the sampledrandom variablewould

desiredcoefficientof variation.

Fer entileswere estimatedfor each of the 900 samplesassumir,g

have the

3 normaJ

distribution. Differences

expressedas a percentageof

standarddeviationof these

of each estimate from the tlue percentile,

the true percentile,were computed. The mean and

estimatesand differenceswere computedover the

9UClsamples. The average percentagedifferences,haSE?don SWIP]L’$ of SiZe

2000,were used in Fig. 2. The estimatedstandarddeviationof these aver.{ge

differences1s less than 0.1 percent. As ir,the case of incorrectlyassuming

logrmrmality,Fiqure 2 shows the rt?qio17swh~re the error resultingfrom u

falseass~’mptimof nurmalltyis lessthan and greaterthan 5 percent.



CONCLUSIONS

Figure 2 shows that making an errGr by assumingthe data are from a

normal population

problem:jprimarily

tail percentiles,

much more serious

when they really are froina lognormalpopulation causes

when estimatingtail percentiles. When estimatir,glower

the error of failing to perform a log-transformationhas

consequencesthan does the error of transforming. When

estimatingpercentilesthat are between the 10th and 80th the consequence

of either type of error is not qreat if the coefficientof variation is

reasonablysmall,sav less than u./7. when estimatingupper percentiles,the

error of making a log-transformationhas much more seriousconsequencesthan

does the error of failingto transform. lable 2 provid~sdetailsconcerning

this fact. For example,an incorrectassumptioncf

percent error when estimatingthe 99th percentile

coefficientof variationequal to 0.417. Ijnderthe

normalityresultsin a 16

of a distributionhaving

same conditions,the err.~r

of incorrectlyassumingthat the distributionis lognormalresults in a <6

ercent error. A 66 percent error could be signific~nt,as the fcllowlng

exampleillustrates.

A mean Zlq13icount rate

geologic formationsin the

of 30 countsper second(cps)is typicalof many

Rawl.iw, Wyoming, survey (Ref. 1). Assuming a

distributionis reallynormalwith a mean of 30 and a coefficientof varia~ion

equal to 0,417, the 99th ~ercent!lvis equal to 59 cps. 11 lognormalit~

were incorrect/ assumed,a 66 oercenterror uf 39 cps would result. In the

Rawlins survey, a zl~tjiactivityof 9.6 cps is equivalentto one part per

mllllun(ppm)uran~um. Thus,an er~or of 39 cps amountsto a 4.1 ppm uranium

erxor.



l“hroughoutthis report it has been assumed that the aerial radiometric

data are either normally or lognormally distributedand that no other alterna-

tives exist.. As mentionedearlier,examinationof the data indicatesthat

other possibilitiesshould be considered. Studiesare now underwayto eval-

uate severalmethodsof estimatingpercentilesby comparingthem over a broad

rangeof distributions.
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~ercentiles

0.05

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

0.975

0.99

0.995

[].999

Table1

Percentiles,Coefficientsof Variationand

Sample5izesUsed in Simulations

Coefficientof Variation

l/2.4 = lJ.417

1/2.6= 0.385

1/2.8= 0.357

1/3.0= 0.333

1./3.3= 0.353

1/3.6= 0.278

1/4.0= 0.250

1/4.5= U.22?

1/5.0= (IA30

1/5.5= 0.182

1/6.5= 0.154

1/7.0= 0.143

SampleSize

20

50

100

200

300

500

1000

2000

All combinationswere considered.



Table2

Coefficient of
Variation

.278

.303

.333

.357

.385

.417

Comparisonof Two Typesof ErrorswhenEstimatingUpperPercentiles

95th Percentile
PercentageErrorby
IncorrectlyAssuming

Normality ~oqnormality

<5 8

<5 11

<5 14

<5 19

<5 23

<5 27

99th Percentile
Percentage Errorbf
IncorrectlyAssumina
Normality Lognormal~ty

8 16

9 22

11 28

13 37

13 45

14 54

99.9thPercentile
PercentageErrorby
IncorrectlyAssuming
Normalj& Lognorrnality——

15 28

17 38

19 49

22 65

23 79

26 96

6 33 16 66 28 117
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